Abstract: Stimulated-emission depletion (STED) microscopy improves image resolution by encoding additional spatial information in a second stimulated-decay channel with a spatially-varying strength. Here we demonstrate that spatial information is also encoded in the fluorophore lifetime and that this information can be used to improve the spatial resolution of STED microscopy. By solving a kinetic model for emission in the presence of a time-varying STED pulse, we derive the effective resolution as a function of fluorophore lifetime and pulse duration. We find that the best resolution for a given pulse power is achieved with a pulse of infinitesimally short duration; however, the maximum resolution can be restored for pulses of finite duration by time-gating the fluorescence signal. In parallel, we consider time-gating in the presence of a continuous-wave (CW) STED beam and find that time-gating produces theoretically unbounded resolution with finite laser power. In both cases, the cost of this improved resolution is a reduction in the brightness of the final image. We conclude by discussing situations in which time-gated STED microscopy (T-STED) may provide improved microscope performance beyond an increase in resolution.
Introduction
In the past 10 years, several new microscopy techniques have demonstrated that far-field optics can be used to achieve nanometer-scale spatial resolution with visible light, breaking the resolution limit original proposed by Abbe [1] [2] [3] [4] . This resolution can be achieved with conventional, diffraction-limited point-spread functions (PSF) when single fluorophores are selectively imaged, as in STORM, PALM, and FPALM [5] [6] [7] , or by engineering the effective PSF to have smaller dimensions through the use of structured illumination [8] [9] [10] or detection [11] . Additionally, in a set of techniques known as RESOLFT microscopy [4] , an engineered PSF is created by optically pumping fluorescent molecules into non-fluorescent states in a spatially-dependent fashion, decreasing the dimensions of the PSF by constraining the spatial extent of molecules capable of emitting fluorescence.
Of the various RESOLFT techniques, the most commonly utilized is stimulated-emission depletion (STED) microscopy [12] . In this technique, excited fluorophores are exposed to light within their emission spectra, producing emission of the same color as the stimulating beam. By introducing a spatial variation to the intensity of this beam, the strength of the second, stimulated-emission channel can be modulated with respect to spontaneous emission, effectively depleting fluorophores in certain locations while leaving others free to emit spontaneously. For example, by using a STED beam with a central minimum (Fig. 1a) fluorophores towards the exterior of the diffraction-limited-PSF can be selectively silenced. By increasing the intensity of the STED illumination, the depleted region will increase, and the resulting PSF can be theoretically squeezed to arbitrarily small dimensions. (Throughout this Letter, we adopt the convention of judging spatial resolution by the spatial extent of the effective PSF.) Remarkably, STED microscopes based on this principle have achieved spatial resolutions up to ~6 nm starting with a PSF ~30-fold larger [13] . With optical resolution on the 10s of nm scale, STED microscopy has begun to image cellular structures previous accessible only via electron microscopy [14] .
The core principle behind the resolution enhancement of STED is the ability to encode spatial information in the strength of a second decay channel. This information is then extracted by selectively discarding photons emitted via the second, stimulated channel from those emitted via spontaneous emission. However, when an excited fluorophore is subject to an additional decay channel, the probability of emitting via spontaneous emission is not the only physical property of the fluorophore that is modified. The lifetime of the excited state also changes, independent of the choice of decay channel [15] . Thus, spatial information is also encoded in the photon arrival times of the spontaneous emission, and it should be possible to improve the resolution of STED microscopy by extracting this temporal information.
In this Letter, we consider the arrival times of the spontaneous emission from excited fluorophores exposed to a spatially varying stimulating beam. We show that spatial information is encoded in the fluorescent lifetimes of these fluorophores and that photon arrival times can be used to decrease the spatial extent of the effective PSF. We consider situations in which the STED beam is either pulsed or continuous wave (CW), and show that in both situations time-gating the fluorescence emission signal, i.e. discarding photons that arrive before a specific time, increases the spatial resolution of the final image. However, this increase in resolution is accompanied by a reduction in image brightness. We term this technique time-gated STED microscopy (T-STED) and conclude by discussing the potential benefits of this type of measurement.
Theory

Temporal dynamics in a STED measurement
To determine the spatial information encoded in excited fluorophore lifetimes, we consider a set of 0 n excited fluorophores at position r with unstimulated lifetimes of 1 k
 
in the presence of a stimulating beam with a spatially-varying intensity,   Ir. We start by assuming that this stimulating beam is pulsed with finite duration, S t , immediately following an excitation pulse of much shorter duration, and, in later sections, we generalize these results to CW STED sources [16] . For simplicity, we also assume that vibrational relaxation times are negligible compared to the STED pulse duration or the fluorophore lifetime though this assumption can be relaxed if necessary [17] . Finally, we also neglect alternative decay routes for the excited fluorophores, i.e. triplet states or quenching, as the presence of these processes will only lower the effective number of excited fluorophores not change the temporal dynamics we discuss here. Thus, our analysis begins at 0 t  with all fluorophores in the same excited state with the same cross-section for stimulated emission,  (the cross-section for the related absorption transition [12] ).
Under these assumptions the number of excited fluorophores at position r,   , n r t , decays in time as
S d n r t kn r t I r t t n r t dt
where   S tt   , the Heaviside step function, represents the finite duration of the STED pulse.
We consider this pulse time-profile to simplify our analysis and allow analytic results; however, more complicated profiles can be considered, e.g. Gaussian profiles, with little effect on the dynamics we discuss here. As time progresses the number of photons emitted from position r in the stimulated channel, S N , and the spontaneous channel, F N , grow as 
S S d N r t I r t t n r t dt
By constructing the final image only from photons emitted via spontaneous emission, i.e. Equation (7), the typical STED microscope exploits the spatial information encoded in the choice of decay channel-the   Ir dependence in Eq. (7)-to improve the spatial resolution. Equation (7) is known as the STED depletion factor,   STED r  . However, the presence of a spatial dependence in the exponent of Eq. (5)-the fluorescence lifetime-reveals that the presence of STED light also changes the arrival time of emitted photons, independent of the decay channel, confirming that spatial information is also encoded in the temporal dynamics of the fluorescence signal.
Spatial dependence of decay channels and arrival times
To illustrate the effects of a spatially varying STED beam on the choice of decay channel and on the photon arrival times, we consider a uniform field of excited fluorophores exposed to a STED beam with an intensity distribution given by the Laguerre-Gaussian, LG 01 ,   For pulsed STED measurements, the ability of the STED beam to deplete excited fluorophores can be characterized with the dimensionless number, the STED strength,
To separate the effect of pulse duration from the total energy contained in the STED beam, it will be useful to redefine the STED strength in terms of the quantity, ε = γω 2 t S , which is proportional to the total energy in the STED pulse. Thus, if the energy in the pulse is constant, varying the pulse duration will not vary the STED strength.
We consider a specific example where the pulse duration is equal to the unstimulated fluorophore lifetime and the STED strength is such that the FWHM of the effective PSF is reduced by a factor of 2. (Later we will derive explicit equations that allow one to determine the specific values for STED strength required for reaching a certain resolution.) Fig. 1b shows that the introduction of this STED beam creates two regions of depleted spontaneous emission in an otherwise uniform field of excited fluorophores. In this case, fluorophores located at the maximum STED intensity, max r , will emit 80% less spontaneous emission. Nevertheless, these fluorophores will still emit ~20% of their fluorescence via this channel, and these photons will ultimately degrade the resolution of the final image. Fig. 1b) has been emitted whereas 40% of the emission from max r (the orange circle in Fig. 1b) has already arrived. Moreover, by the completion of the STED pulse, only 60% of the emission from 0 r  while nearly all of the spontaneous emission emitted by fluorophores located at max r has arrived. Thus, spontaneous emission from fluorophores located at regions of higher STED intensity arrive earlier on average than spontaneous emission from fluorophores exposed to smaller STED intensities, and it should be possible to better distinguish fluorophores located at the center of the STED beam from those located on the edges with time resolved measurements of the spontaneous emission.
STED resolution for pulses of finite duration
Before we discuss the use of temporal information to improve spatial resolution, it is first useful to determine the effect of pulses of finite duration on the effective PSF of a STED microscope. This section complements recent work by others [17] in which a comprehensive analysis of STED depletion for pulses of finite duration in the presence of vibrational relaxation was conducted. However, for simplicity, we will continue to neglect vibrational relaxation here.
In the typical STED microscope, fluorophores are excited in a Gaussian profile and fluorescence emission is detected in a confocal configuration. This configuration produces a PSF well approximated by
where  corresponds to the 1/e waist of the electric field of the excitation beam. For simplicity, we use the same  for both the STED beam and the confocal PSF though, in practice, the different wavelengths and initial beam sizes for both the excitation and stimulating beams will produce minor differences in  . The amplitude of the PSF is set by the finite collection and detection efficiency of the optical setup. However, these properties are unaffected by the introduction of a STED beam and, thus, will not affect comparisons between the confocal PSF and the effective STED PSF, so we neglect finite detection efficiency here.
The final effective PSF of a STED microscope is the product of this confocal PSF with the depletion factor provided in Eq. (7) To understand the scaling of this PSF, it is useful to introduce dimensionless variables that allow the pulse duration to be varied without changing the total energy in the pulse The effective PSF for STED microscopy has been calculated previously [18] under the assumption of a STED pulse of negligible duration but fixed energy. Taking the infinitely short STED pulse limit, i.e. 0   , we recover the previous depletion factor from Eq. ( 
Comparison of these two expression reveals that for a given pulse energy the depletion produced by a pulse of longer duration is always less than the depletion provided by a pulse of shorter duration. Since less depletion will result in less squeezing of the final PSF, pulses of finite duration will degrade the resolution of the STED microscope. Thus, when vibrational relaxation times are neglected, the best resolution for a given pulse energy will be for the pulse with the shortest duration. (When vibrational relaxation times are included, it has been shown that a small but finite pulse duration produces the optimal resolution [17] , and similar results are expected when re-excitation by the STED beam is considered.)
Time-gated STED (T-STED) resolution
This loss in resolution may initially seem like a limitation to STED pulses of longer durations; however, Eq. (12) ignores the additional spatial information contained in the arrival times of the fluorescent photons (Fig. 1 ). To exploit this information, we propose that the fluorescence signal used to create the STED image should be time-gated. In other words, only photons arriving after a given time-window will be used to form the final image, as illustrated in 
Since fluorescence decay is a Markov process, arrival times are only modified during the duration of the STED pulse; thus, there is no benefit to time-gates longer than the STED pulse, and we restrict Eq. (16) r . This additional rejection results in a tighter effective PSF, as illustrated in Fig. 2c . The 2-fold improvement in resolution afforded by the depletion of the spontaneous decay channel is increased to 2.5-fold simply by rejecting the spontaneous emission that arrives during the duration of the STED pulse. Immediately following an excitation pulse of negligible duration (blue), a STED pulse of duration tS begins (red). The final image is created from the spontaneous emission that arrives during a time window starting tG after the completion of one excitation pulse and lasting until the beginning of the next (green). (b) The probability of emitting via normal fluorescence as a function of position (black) when a uniform field of excited fluorophores (dashed black) are exposed to the pulsed STED beam described in Fig. 1 . The probability of emitting via spontaneous emission after the STED pulse has completed (red, dashed), and this probability corrected for the decrease in image brightness (red, solid). (c) The PSFs for confocal detection (black), normal STED microscopy (red), or time-gated STED microscopy (blue). Probabilities and PSF were calculated with a STED strength sufficient to produce a 2-fold decrease in the FWHM of the effective PSF compared to the confocal PSF and a STED pulse duration equal to the unstimulated fluorophore lifetime, i.e. S = 23 and tS = τ. All distances are measured in units of the 1/e waist of the electric field of the excitation beam. The T-STED PSF in panel (c) has been corrected for the decrease in image brightness.
T-STED resolution scaling
To illustrate how the resolution of a pulsed STED measurement is affected by pulses of finite duration, Fig. 3a plots the N-fold decrease in the FWHM of the effective PSF relative to the confocal FWHM as a function of pulse energy for different ratios of pulse duration to unstimulated fluorophore lifetime ( S t
 
). As has been determined previously, the FWHM of the effective PSF decreases roughly as the square-root of the pulse energy, i.e. STED strength [18] . For increased STED pulse duration (i.e. increasing  ) the effective PSF shows a similar dependence with STED strength, however, the resolving power of the STED instrument is clearly decreased. 
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To judge the benefit of time-gating in a pulsed configuration, we determine the percent decrease in the FWHM with time-gating relative to a measurement in which no time-gating is applied for a given STED strength and pulse duration. Figure 3b illustrates that as the STED pulse strength is increased the benefit provided by time-gating also increases though this benefit saturates for large STED strengths. Figure 3c demonstrates that the increase in resolution provided by T-STED also increases with pulse duration with no apparent saturation for long pulses. Time-gating is a non-linear process; thus, the effect of time-gating will not be a simple rescaling of the spatial extent of the PSF. Rather, the PSF will change shape, with different regions being rescaled to different extents. To estimate this change in the shape, Figs. 3b and 3c also plot the percent improvement in the effective width of the PSF at the full-width-atquarter-max (FWQM). For all values of the total pulse energy and  , the improvement in the FWQM is always larger than that of the FWHM. Taken together, these results indicate that in addition to a general decrease in the spatial extent of the effective PSF, T-STED also provides a proportionally larger decrease in the spatial extent of the ‗tails' of the PSF. Thus, timegating produces a ‗sharper' PSF.
To supplement the numerical results in Fig. 3 , we also derive an analytical approximation to the waist of the PSF as a function of the experimental parameters, e.g. pulse duration, fluorophore lifetime, and time-gate. We assume that the final PSF is well-approximated by a Gaussian, 
The initial factor of 4 originates from the distinction between the waist of the confocal PSF and that of the electric field of the excitation beam. Equation (18) Either in the limit of an infinitely short STED pulse (with constant STED strength) or of a time-gate equal to the STED pulse duration, Eq. (18) produces the inverse square-root dependence on the STED pulse energy derived previously [18]   
Comparison of Eqs. (19) and (20) measured that increasing the STED pulse duration from 200 ps to an effective pulse of ~13 ns with a 3.5 ns fluorophore lifetime requires a ~3.6-fold increase in STED strength to produce the same depletion in the absence of time-gating [16] . Under their experimental conditions, Eq. (19) predicts a ratio of STED strengths of 3.7, in excellent agreement with these measurements.
T-STED resolution with CW STED beams: theoretically unbounded resolution with finite laser power
In the above discussion, we considered pulsed STED beams; however, STED can also be accomplished with CW beams [16] . Here we expand our discussion to include time-gating with a CW STED source. We assume that the excitation occurs via a pulse with negligible duration and a repetition period, t E , much larger than the unstimulated fluorophore lifetime, i.e. t E >> τ. The temporal dynamics for this situation can be derived from the results for a pulsed system, Eq. (5) Section 2.1, in the limit that 
The spatial dependence in the choice of decay channel, Eq. (22), is what provides the improved resolution in previous demonstration of CW STED [16] . To exploit the additional spatial information encoded in the arrival times, we again propose that the fluorescence signal be time-gated. Fluorescence is collected starting a duration G t after the completion of the excitation pulse and continues until the beginning of the next excitation pulse. See Fig. 4a . Under the assumption that the excitation pulse repetition period is much larger than the fluorophore lifetime, i.e. gates. Since this factor applies for all locations, it will not affect the spatial extent of the effective PSF of the microscope. The   Ir terms in both the prefactor and the exponent, on the other hand, will improve the spatial resolution. Figure 4b illustrates the effect of time-gating with a CW STED beam on the effective PSF of the microscope. When a CW STED beam is applied without time-gating, the width of the effective PSF drops; however, the peak amplitude of the PSF-a measure of the probability of detecting emitted photons-remains constant. Thus, the brightness of a point-emitter will be unchanged. However, when a time-gate is applied, both the width and the maximum amplitude of the effective PSF decrease; thus, a point emitter will appear both sharper and dimmer. To better illustrate the decrease in the spatial extent of the PSF, Fig. 4c plots these same PSFs but normalized to the maximum amplitude. Figures 4d and 4e quantify the decrease in the FWHM with different CW-STED parameters and reveal that increasing either the STED strength or the ratio of the time-gate to the fluorophore lifetime increases resolution. 
